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We study the two-magnon non-resonant Raman scattering in the (pi, pi) and (pi, 0) ordered anti-
ferromagnetic phases of a J1x − J1y − J2 − Jc Heisenberg model on the tetragonal lattice within
the framework of the spin-wave theory. We discuss the effects of various tuning factors to the
two-magnon Raman spectra. We find that both the magnetic frustration J2/J1 and the interlayer
exchange coupling Jc may significantly affect the spectra in both the B1g and A′1g channels in the
(pi, pi) Néel ordered phase. Moreover, we find a splitting of the two-magnon peak in the (pi, 0) an-
tiferromagnetic phase. We further discuss the implications of our results to the BaMnBi2 and iron
pnictide systems.
I. INTRODUCTION
In the recent years, the discovery of iron-based su-
perconductors have triggered tremendous research in
this new class of high Tc superconductors. Similar
to cuprates, iron-based superconductors have a layered
structure, and their parent compounds have long-range
antiferromagnetic order. Superconductivity emerges
when the magnetic order is destroyed by doping. It is
now believed that magnetism is crucial for superconduc-
tivity in these materials. Typically the parent compounds
of iron pnictides have a (pi, 0) collinear antiferromagnetic
order. The magnetic properties of these materials can be
well captured by the strong coupling approaches involv-
ing interactions of Fe local spins, described by effective
J1 − J2 like models. These extended antiferromagnetic
Heisenberg models are widely used to explain the mag-
netic properties of parent iron pnictides1.
There are many other materials which invoke the local
moment models. Recently, a class of novel manganese
based materials AMnBi2 (A = Sr,Ca) have attracted
considerable research interests for their coexistence of
itinerant Dirac electrons and long-range magnetic order
associated with local moments. These materials share
similar structrual and electronic properties to iron pnic-
tides. InsulatingMnBi layer with Néel-type antiferromag-
netic order on each Mn site2 and ABi layer accomodat-
ing highly anisotropic Dirac carriers2–10 are alternatively
stacked. These materials have provided an opportunity
to explore the interplay of magnetism and Dirac itinerant
carriers.
In studying the magnetic properties of these sys-
tems, Raman scattering is a powerful spectroscopic tech-
nique. It probes two-magnon correlations in which short-
wavelength excitations dominates. The standard mag-
netic Raman scattering theory is based on the Fleury-
Loudon coupling between the light and the spin system11.
Such a theory can be derived in the large-U Hubbard
model at half-filling in the non-resonant regime12. Near
resonance where the incoming photon frequency is close
to the band gap value, FL theory fails as the charge trans-
fer process becomes dominant13.
Even in the non-resonant regime, theoretical under-
standing of Raman scattering in spin systems is still very
limited. Early works on the simple 2D antiferromag-
nets have revealed that magnon-magnon (m-m) interac-
tions have significant influence on the shape of Raman
spectra as multiple scattering of magnon pairs excited
by photons is non-negligible in the Raman process14.
Magnetic Raman scattering in 2D simple antiferromag-
nets has been further studied using various approaches:
spin wave & Green’s function theory15–17, Exact Diago-
nalization (ED), Quantum Monte Carlo method16, etc..
Ref.15 claimed that four-magnon intensity is too small
compared with two-magnon ones.17 calculated both two-
magnon and four magnon Raman spectra for a 2D frus-
trated J1−J2 systems with Néel order using the modified
spin wave (MSW) theory. However, their calculations
were still at the mean-field level, which ignored higher
order scattering processes of magnon pairs. Ref.18 calcu-
lated 2D systems with ring exchange interactions. Ref.19
launched ED calculations for specific iron-based mate-
rials in (pi, 0) collinear and (pi/2, pi/2) diagonal double
stripe order. However, their calculations were restricted
to small spin (S ≤ 1), small cluster sizes (Nc ≤ 36) and
very limited system parameters.
Up to now, a convincing and detailed work that is ap-
plicable to systems with frustration, exchange anisotropy,
and finite interlayer exchange couplings is still absent. In
this article we present a systematic study of the two-
magnon non-resonant Raman scattering in (pi, pi) and
(pi, 0) ordered antiferromagnets with square/tetragonal
lattice geometry (notice that the magnetic symmetry can
be lower than lattice symmetry) within the framework of
spin-wave theory. We will discuss its general feature, and
implications of spin magnitude, frustration, anisotropy
and interlayer coupling to Raman spectra. The article is
organized as follows. In Sec. II we introduce our calcu-
lation method. In Sec. III and IV we present our results
in (pi, pi) and (pi, 0) ordered system respectively. Finally
in Sec. IV we present our discussions and concluding
remarks.
II. GENERAL FORMALISM
We study a spin-S J1x−J1y−J2−Jc Heisenberg model
on a tetragonal lattice. The Hamiltonian reads
H =
J1x
2
∑
i,δx
Si · Si+δx +
J1y
2
∑
i,δy
Si · Si+δy
+
J2
2
∑
i,δx,δy
Si · Si+δx+δy +
Jc
2
∑
i,δz
Si · Si+δz (1)
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2Figure 1. (Color online). Ground state phase diagram of the
classical J1x−J1y−J2 model in the regime J1x > 0, J1y/J1x >
−1 and J1y + 2J2 > 0, where the ground state stabilizes in-
plane AFM orders with wave vectors (pi, 0), (0, pi), and (pi, pi),
respectively. The solid lines mark the phase boundaries.
where Si refers to a spin at lattice site i, and δx =
±axˆ,δy = ±ayˆ, δz = ±czˆ are nearest neighbor vectors
along x, y, z directions, respectively. J1x, J1y, J2, and
Jc are, respectively, the exchange couplings between row
and column nearest neighbors, next nearest neighbors,
and nearest interlayer neighbors. In this paper, we are
interested in the Raman scattering with an AF ground
state. Without losing generality, we take J1x > 0 in this
model.
The ground state phase diagram of the classical J1x −
J1y − J2 model is illustrated in Fig. 1. In the regime
shown, three in-plane AFM ground states can be stabi-
lized. In each of the three ordered states, the quantum
fluctuations of the corresponding quantum spin model
are taken into account by the spin-wave approach via a
standard 1/S expansion, which is expected to be a good
approximation when the system is not in the vicinity of
the classical phase boundaries.
A. 1/S Expansion
By introducing Holstein-Primakoff (H-P) transforma-
tion on the bipartite tetragonal lattice, we express spins
in the A (spin up) and B (spin down) sublattices in terms
of bosonic operators al and bm
Szl = S − a†l al
S+l =
√
2Sfl(S)al
Szm = −S + b†mbm
S+m =
√
2Sb†mfm(S),
(2)
where
fl/m(S) =
√
1− nl/m
2S
, (3)
nl/m = a
†
l/mal/m, and l ∈ A and m ∈ B. For Eq. (3) to
be valid, the bosons must be restricted in the nl/m ≤ 2S
physical space.
Then we perform an 1/S expansion for fl/m(S) up to
the 1/S order:
fl/m(S) = 1−
nl/m
4S
+ ..., (4)
and perform a Fourier transformation for the bosonic op-
erators
al =
√
2
N
∑
k
ake
ik·Rl , bm =
√
2
N
∑
k
b−ke−ik·Rm (5)
where k is defined in the first Brillouin zone (FBZ) of the
momemtum space.
The Hamiltonian is also expanded in powers of 1/S as
H = E0 +H0 +H1 +O(1/S
2). (6)
Here, E0 corresponds to the classical energy of the sys-
tem. H0 corresponds to the quadratic linear spin wave
(LSW) terms, which takes the form
H0 =
∑
k
Pk(a
†
kak + b
†
−kb−k) +Qk(a
†
kb
†
−k + akb−k), (7)
where the coefficients Pk and Qk are defined in the Ap-
pendix. Next we perform Bogoliubov transformation
a†k = lkα
†
k +mkβ−k, b−k = mkα
†
k + lkβ−k (8)
where lk =
√
1+k
2k
, mk = −xklk = −sgnγk
√
1−k
2k
, k =√
1− γ2k, γk = Qk/Pk. H0 is then diagonalized as
H0 =
∑
k
ωk(α
†
kαk + β
†
−kβ−k + 1)− Pk, (9)
where ωk = Pkk.
H1 corresponds to the 1/S order correction to the LSW
results. It is written in Bogoliubov magnons as
H1 = const.+H
′
0 +H
′
1 + ... (10)
where
H ′0 =
∑
k
Ak(α
†
kαk+β
†
kβk)+Bk(α
†
kβ
†
−k+αkβ−k), (11)
is known as the Oguchi correction arising from trans-
forming the bosonic operators into normal products. The
Oguchi terms give the 1/S order correction to the magnon
dispersion ω˜k = ωk +Ak.
H ′1 =
2
N
∑
1234
δG(1 + 2− 3− 4)l1l2l3l4[B(1)1234α†1α†2α†3α†4 +
B
(2)
1234β
†
−3β
†
−4β−1β−2 +B
(3)
1234α
†
1β
†
−4β−2α3 +
(B
(4)
1234α
†
1β−2α3α4 +B
(5)
1234β
†
−4β−1β−2α3 +
B
(6)
1234α
†
1α
†
2β
†
−3β
†
−4 + h.c.)] (12)
where 1, 2, 3, 4 are abbreviations of the wave vectors k1,
k2, k3, k4, which are also defined in FBZ, δG(1+2−3−4)
represents the conservation of momenta within a recipro-
cal lattice vectorG.H ′0 consists of two-magnon scattering
terms of the magnon-magnon (m-m) interaction depend-
ing on the coefficients Pk, Qk, Ak, Bk and the vertex
factor B(3)1234, whose explicit forms are given in Appendix
A.
3B. Two-magnon Raman operator
In the standard magnetic Raman FL theory, the second
order Raman scattering operator is given by11
Oˆ =
λ
2
∑
ij
Jij(eˆin · dˆij)(eˆout · dˆij)Si · Sj (13)
where eˆin and eˆout are unit polarization vectors of the
incoming and scattered lights. dˆij is the vector connect-
ing site i and site j. λ is the coupling constant, which is
scaled to
√
2
N , as its magnitude is not important for our
results.
We will consider the following light polarization geome-
tries which are widely accepted in experimental set up:
eˆin =
1√
2
(xˆ + yˆ), eˆout = 1√2 (xˆ− yˆ) for x′y′ polarization,
and eˆin = 1√2 (xˆ+ yˆ), eˆout =
1√
2
(xˆ+ yˆ) for x′x′ polariza-
tion. Here x′ and y′ refer to the rotated axes after a 45◦
rotation about the z axis in the xy plane.
Note that if the system has D4h symmetry, x′y′ polar-
ization corresponds to B1g
⊕
A2g symmetry group rep-
resentations, and is usually called the B1g channel be-
cause the A2g component is zero in the second-order Ra-
man scattering. The x′x′ polarization corresponds to
A1g
⊕
B2g representations and is denoted as the A′1g
channel. In D4h symmetric system these two channels
are well separated from a symmetry perspective. If the
D4h symmetry is broken, they may not refer to the dif-
ferent irreducible representations of the symmetry group,
and as a consequence, the scattering signals from these
two channels can mix.
At the LSW level, the two-magnon part of the Raman
operator is given by
Oˆ =
∑
k
Mk(α
†
kβ
†
−k + αkβ−k) + ... (14)
where explicit forms of Mk in B1g and A′1g channels are
given in Appendix A.
C. Raman Scattering Cross Section
The Raman scattering cross section at zero tempera-
ture is given by R(ω) = − 1pi Im[I(ω)], where I(ω) is the
correlation function I(ω) = −i ´ dt eiωt〈Tt Oˆ†(t) Oˆ(0)〉0.
Here 〈...〉0 represents quantum mechanical average over
the ground state, and Tt is the time ordering operator.
The two-magnon contribution to I(ω) can be written
as I(ω) =
∑
k,k′ MkΠkk′(ω)Mk′ . Here we define two-
magnon Green’s function
Πkk′(ω) = −i
ˆ
dt eiωt〈T αk(t)β−k(t)α†k′(0)β†−k′(0)〉0
(15)
To calculate I(ω) we have adopted the following two
simplifications15,20:
1) We expand the one-magnon propagator up to the
1/S order. Given that there is no correction to the prop-
agator at the 1/S order, they are identical to the unper-
turbed ones:
Gαα(k, ω) = Gββ(k, ω) =
1
ω + i 0+ − ω˜k
Gαβ(k, ω) = Gβα(k, ω) = 0
(16)
+ + + …
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Figure 2. (Color online). Ladder diagrams for two-magnon
propagator (15). A line with single arrow represents αmagnon
propagator Gαα(k, ω). A line with double arrow represents β
magnon propagator Gββ(k, ω).
By applying Wick’s theorem, the unperturbed two-
magnon propagator can be expanded in terms of one-
magnon ones as
Π
(0)
kk′(ω) = δkk′i
ˆ
dω1
2pi
Gαα(k, ω + ω1)Gββ(−k,−ω1)
= δkk′
1
ω + i 0+ − 2ω˜k (17)
2) The m-m interaction is taken into account within
the framework of the ladder approximation for the two-
magnon Green’s function (15). In this approximation,
the core vertex is expanded up to the 1/S order, and
only vertex terms equivalent to α†β†βα are kept, as il-
lustrated in Fig. 2. As the total momentum of incoming
and outgoing α and β magnons are fixed to 0, the vertex
is the function of the incoming and outgoing α magnon
momentum k and k′, i.e. Vkk′ = 2NB
(3)
k′kkk′ .
Therefore we have
Πkk′(ω) = i
ˆ
dω′
2pi
Gαα(k, ω+ω
′)Gββ(−k,−ω′)Γkk′(ω, ω′)
(18)
where the vertex function Γkk′(ω, ω′) satisfies Bathe-
Salpeter equation
Γkk′(ω, ω
′) = δkk′ + i
∑
k1
ˆ
dω1
2pi
Vkk1Gαα(k1, ω + ω1)
× Gββ(−k1,−ω1)Γk1k′(ω, ω1) (19)
Since Vkk′ is independent of frequencies. From the
equation (19), Γkk′(ω, ω′) is independent of ω′, i.e.
Γkk′(ω, ω
′) = Γkk′(ω)
In Eqs. (18) and (19), integration over frequencies are
decoupled
Πkk′(ω) = Π
(0)
kk (ω)Γkk′(ω)
Γkk′(ω) = δkk′ +
∑
k1
Vkk1Π
(0)
k1k1
(ω)Γk1k′(ω) (20)
Eliminating Γ vertex, we get two-magnon Dyson’s equa-
tion:
Πˆ = Πˆ(0) + Πˆ(0)Vˆ Πˆ = Πˆ(0)
+∞∑
n=0
(Vˆ Πˆ(0))n (21)
Directly solving such an equation rigorously Πˆ = [1ˆ −
Πˆ(0)Vˆ ]−1Πˆ(0) would require the inverse of the matrix
with a N/2×N/2 dimension, which is obviously compu-
tationally expensive. So we use the following alternative
4approach: The vertex function can be expressed as a sep-
arable form
Vkk′ =
Nc∑
m,n=1
vmkΓmnvnk (22)
where explicit forms of Γˆ and vnk are given in Appendix
A. We have
Πˆ = Πˆ(0)
+∞∑
n=0
(vˆT ΓˆvˆΠˆ(0))n
= Πˆ(0) + (vˆΠˆ(0))T · Γˆ
+∞∑
n=0
[(vˆΠˆ(0)vˆT )Γˆ]n · (vˆΠˆ(0))
= Πˆ(0) + ΠˆL (23)
where
ΠˆL = (vˆΠˆ(0))T · Γˆ[1− (vˆΠˆ(0)vˆT )Γˆ]−1 · (vˆΠˆ(0)) (24)
is the ladder correction to the two-magnon propagators.
Thus we have obtained an approach of exactly solv-
ing the Dyson’s equation (21) with the price of inverting
matrix with mere dimension of Nc × Nc. Finally, the
correlation function I(ω) can be obtained by
I(ω) = I(0)(ω) + IL(ω) (25)
where
I(0)(ω) = MˆT Πˆ(0)Mˆ (26)
and
IL(ω) = MˆT ΠˆLMˆ = (vˆΠˆ(0)Mˆ)T
· Γˆ[1ˆ− (vˆΠˆ(0)vˆT )Γˆ]−1 · (vˆΠˆ(0)Mˆ) (27)
are non-interacting and ladder corrections to the total
scattering cross section, respectively.
III. RESULTS FOR THE (pi, pi) NÉEL ORDER
We first consider the results of Raman scattering when
the ground state has an AFM Néel order at wave vector
(pi, pi). We discuss several factors that may affect the
Raman spectrum.
A. Role of 1/S
We consider the effects of quantum fluctuations beyond
the LSW level. To focus on this point, we limit our dis-
cussion to the case J1x = J1y = J1 and Jc = 0 in this
subsection. As is shown in Eq. (10), at the 1/S order, the
corrections to the LSW results come from the following
two parts: the Oguchi term H ′0 shifts the magnon dis-
persion to higher energies, and the m-m interaction term
H ′1 allows repeat scattering of the light-excited magnon
pairs. The roles of these two terms in two-magnon Ra-
man spectra are shown in Fig. 3.
The non-interacting (LSW) spectrum of the B1g chan-
nel typically shows a broad peak above an absorption
edge at excitation energy ω ∼ 4J1(see Fig. 3(a) and (b)).
When the m-m interaction is switched on, the spectral
weight of this non-interacting part is suppressed, and an
additional peak below the absorption edge is developed.
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Figure 3. (Color online). Two-magnon Raman spectra for the
J1 − J2 model with SJ1 = 1, SJ2 = 0.3. (a)(b): spectra for
S = 1 highlighting the effects of Oguchi and m-m interaction
terms. (c): dependence of S in B1g (solid lines) and A′1g
(dashed lines) channels, both are calculated with the Oguchi
and m-m interaction terms.
This peak is particularly sharp when the spin size S . 4,
indicating a resonance feature in this channel (Fig. 3(c)).
With increasing S, the position of the resonance peak is
getting closer to the absorption edge, and its intensity is
reduced, until eventually vanishes when S → ∞. The
existence of a sharp resonance peak makes the lineshape
of the spectrum completely different once the m-m in-
teraction is taken into account in the B1g channel. On
the other hand, for the A′1g channel, the spectrum is al-
most not modified by the m-m interaction. In fact, as we
will discuss below, the peak in this channel is associated
with a van Hove singularity in the density of states (DoS)
of the one magnon dispersion, not affected by the m-m
interaction (see Fig. 4(c)(d)).
As shown in Fig. 3(a) and (b), the Oguchi term slightly
changes the lineshape of the spectrum. Its main effect
is to push the spectral weight to higher energy. This
explains well the monotonic shift (toward higher energy)
of the peak position in the A′1g channel as decreasing S
(Fig. 3(c)). While, for B1g channel, the non-monotonic
variance of the resonance peak position as decreasing S
originates from the competition between the Oguchi term
and m-m interactions.
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Figure 4. (Color online). (a)(b) Two-magnon Raman spectra
for the frustrated J1−J2 model SJ1 = 1, S = 2 with different
J2; (c) magnon dispersion and (d) one magnon DoS for SJ1 =
1 SJ2 = ±0.2, S = 2.
B. Role of J2 frustration
The next nearest neighbor exchange coupling J2 intro-
duces frustration to the ground state. To study the effects
of frustration, we consider the frustrated J1 − J2 model
with SJ1 = 1 for various J2 values. For S = 2, the two-
magnon spectra in both B1g and A′1g channels are shown
in Fig. 4. We see that in the frustrated models with
increasing antiferromagnetic J2, the peaks of the Raman
spectra in both channels become sharper, where as in the
non-frustrated models with ferromagnetic J2, the spec-
tral weights only show very broad humps. This difference
can be understood by examining the one-magnon disper-
sion curves for the frustrated and non-frustrated models,
shown in Fig. 4(c), respectively. We find that the sharp
resonance peak in the B1g channel in the frustrated case
comes from resonant scattering of magnon pairs αk and
β−k near the k = (pi, 0) (M) point, where the dispersion
has a local minimum. The resonant peak is completely
suppressed when the dispersion turns to a local maximum
at the M point in the non-frustrated model.
The peak in the A′1g channel, though evolves in a sim-
ilar way as the resonance peak in the B1g channel, has a
very different origin. In the frustrated case, we find there
exists four saddle points in the dispersion along the Γ-M
line. One of them is labeled as the S point in Fig. 4(c).
These saddle points contribute to a van Hove sigularity
of the one-magnon DoS with a logarithmic divergence.
This van Hove singularity contributes to the sharp A′1g
peak. In the non-frustrated case, the saddle points along
Γ-M line and the associated van Hove sigularity are re-
moved, and hence the sharp peak does not appear in the
A′1g channel. Note that besides the saddle points we just
discussed, there can be two more (inequivalent) saddle
points at (pi/2, pi/2) and (−pi/2, pi/2). But these saddle
points do not contribute to singularities in the A′1g chan-
nel.
C. Role of anisotropy
We now study the effect of the exchange anisotropy,
J1x 6= J1y, on the Raman scattering. This anisotropy
serves as another perturbation to the (pi, pi) AFM ground
state. In the anisotropic J1x − J1y − J2 model, the D4h
symmetry is reduced to D2h. As discussed above, the
B1g and A′1g channels will share components with same
irreducible representations. In Fig. 5 we show the results
for SJ1x = 1, SJ1y = 0.9, SJ2 = 0.3, and S = 2. We see
that the most significant changes of the spectrum by the
anisotropy are in the A′1g channel: First, an additional
peak in the A′1g channel emerges at the position of the
resonance peak of the B1g channel. This behavior clearly
indicates the two channels are not well separated when
the D4h symmetry is broken. This peak is already visible
when the anisotropy J1y/J1x−1 & 5%. Therefore, it can
be used to probe the possible exchange (and associated
structural) anisotropy of materials as complementary to
neutron diffraction. As another effect, the A′1g peak in
the isotropic model is split which reflects the anisotropy
of the one-magnon dispersion along the (0, 0)-(pi, 0) and
(0, 0)-(0, pi) directions.
D. Role of the interlayer exchange coupling
The previous results are discussed in 2D systems. In
a more realistic 3D model, interlayer exchange coupling
Jc will also affect the Raman spectra. Here we consider
a J1 − J2 − Jc model with SJ1 = 1, SJ2 = 0.3, and
S = 5/2 for various Jc values. The results are shown
in Fig. 6. We see that for both FM and AFM Jc, with
increasing the magnitude of Jc, the sharp peak of the
spectral weight in the A′1g channel evolves to a very broad
platform. One can prove that at the LSW level, the width
of this platform is proportional to the magnitude of Jc.
In the B1g channel it is remarkable that the sharp res-
onance peak feature is suppressed significantly by a FM
Jc but preserves for an AFM Jc. Such a phenomenon can
be understood as follows: when Jc 6= 0, the magnons are
dispersive along the kz direction. When |Jc| is small, the
magnon pair scattering term B(3)1234α
†
1β
†
−4β−2α3 has little
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Figure 5. (Color online). Two-magnon Raman spectra for
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Figure 6. (Color online). Jc dependence of two-magnon Ra-
man spectra for frustrated J1 − J2 − Jc model SJ1 = 1,
SJ2 = 0.3, S = 2. Solid lines represent B1g channel and
dashed lines represent A′1g channel.
dependence on kz, thus can be still treated as a 2D pro-
cess. The kz dependent magnon dispersion can be con-
sidered as an effective damping to the 2D system. Such
an effective damping only affects the interacting part of
the scattering cross section, and the bare part is not in-
fluenced. The magnitude of this effective damping at the
(pi, 0) point is evaluated to be ∼ 8SJc for the FM Jc and
∼ SJ2c/(J1 − 2J2) for the AFM Jc. We then see that the
damping effect is much weaker for Jc > 0 compared to the
Jc < 0 systems. This explains why the resonance peak is
robust for Jc > 0, but are suppressed when Jc < 0.
IV. RESULTS FOR THE (pi, 0) COLLINEAR
ORDER
We also apply the same procedure to the case when
the ground state has a (pi, 0) collinear AFM order. Dif-
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Figure 7. (Color online). J1y dependence of two-magnon
Raman spectra for anisotropic J1x − J1y − J2 model with
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Figure 8. (Color online). S dependence of two-magnon Ra-
man spectra for anisotropic J1x− J1y − J2 model. (a),(b) un-
frustrated model SJ1x = 1, SJ1y = −0.1, SJ2 = 0.4; (c),(d)
frustrated model SJ1x = 1, SJ1y = 0.6, SJ2 = 0.4.
ferent from the (pi, pi) order, the collinear order intrinsi-
cally breaks the D4h symmetry. From the discussion in
the previous section, the B1g and A′1g channels are not
separated by symmetry and share some common features
in the spectra. Moreover, our calculation shows that the
intensity of the A′1g channel is about one order of magni-
tude higher than the one in the B1g channel. So we will
mainly focus on the spectrum of the A′1g channel in this
section.
The effects of frustration is shown in Fig. 7. Similar to
the Néel ordered case, the frustration also pushes spec-
tra to lower energies. But the cut-off frequency is not
strongly affected by the frustration.
In a non-frustrated model J1y < 0, the m-m interac-
tion almost cancels the peak in bare spectra completely
and develops a peak at lower energy, forming single broad
7peak structure in both channels. See 8 (a)(b). As the sys-
tem becomes weakly frustrated, in A′1g channel the bare
spectra at high energy will not be completely canceled out
by the m-m interaction, resulting a two-peak structure
in this channel. The low energy peak, as is resulted by
scattering resonance only, is expected to vanish for large
S. For highly frustrated models, the two-peak structure
emerges in both channels. We can see that the two peaks
survive even in the S → ∞ limit, and they are pushed
away from each other as 1/S increases, as in shown in
Fig. 8 (c)(d). Note that in the A′1g channel, the reso-
nance peak becomes sharp when S is about 1 ∼ 4. This
feature and its origin is very similar to the B1g channel
in the Néel ordered case.
Both positive and negative Jc will shift the spectra to
higher frequencies. Also, as is already discussed in the
previous section, the interlayer coupling Jc has the effect
of a damping term to the 2D system. It is expected that
sharp peak in corresponding 2D system can be damped
by Jc.
V. DISCUSSIONS
A. Inplications for MnBi materials
The material BaMn2Bi2, which can be considered as
the parent compound of the AMnBi2 systems, is an
AFM insulator with a large ordered magnetic moment
∼ 3.84µB in each Mn ion. It has a similar structure to
AMnBi2 except that the latter are metals consisting of a
layer of Dirac electrons in the ABi layer.
We have calculated the two-magnon Raman spectra
of a J1 − J2 − Jc model for BaMn2Bi2 using the ex-
change parameters SJ1 = 21.7(1.5), SJ2 = 7.85(1.4),
SJc = 1.26(0.02), obtained from an inelastic neutron
scattering experiment21. We have taken the effective spin
size to be S = 2. The result is presented in Fig. 9. We
see from the figure that a sharp resonance peak at wave
number about 550 cm−1 is present in the B1g channel.
This indicates that for the model parameters taken, the
effect of the m-m interaction can not be neglected, al-
though the ordered moment is large. We note that by
measuring the peak positions in the B1g and A1g chan-
nels as well as the cut-off frequency, one may fully de-
termine the exchange couplings of the system. As for
the Dirac materials AMnBi2, We expect similar Raman
spectra, given that the spin dynamics is dominant by the
interacting local moments. The itinerant electrons may
contribute additional damping to the resonance peak in
the B1g channel, and may also renormalize the values of
the exchange couplings via the induced RKKY interac-
tions.
B. Iron based materials
As there is S = 1/2 ED calculation result for
CaFe2As2(J1y = −0.1J1x, J2 = 0.4J1x as reported by
INS measurements) available19, we make a comparison
with our spectra and their 36 sites ED result, as shown
in Fig. 10. Our peak position is in consistent with theirs,
but the details of spectral lineshape is entirely different.
What we obtain is a single broad peak structure for both
polarizations. Our lineshape should be more reliable than
Figure 9. (Color online). Calculated two-magnon Raman
spectra for BaMn2Bi2 with S = 2 and exchange parameters
determined from inelastic neutron scattering experiment (see
text).
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Figure 10. (Color online). Comparison of ED and spin wave
approaches to two-magnon Raman spectra in anisotropic J1x−
J1y − J2 model with SJ1x = 1, SJ1y = −0.1, SJ2 = 0.4,
S = 1/2. (a) B1g channel; (b) A′1g channel.
the ED result for the presence of strong finite-size effects
in the ED calculation.
Since for each Fe ion, there are two degenerate 3d or-
bitals, namely dxz and dyz orbitals, to be active, we can
also consider an S = 1 spectrum for the same SJ . The
spectra are shown in Fig. 8 (a)(b) (red lines). We find
that one broad peak structrure in both channels remains,
and the peaks are slightly shifted to higher frequencies
compared with the S = 1/2 case. The interlayer coupling
Jc further shifts the peak to higher frequencies. Tak-
ing SJ1x ∼ 50meV and SJ1c ∼ 5meV as is reported in
INS experiments, we expect a broad two-magnon peak at
7.9SJ1x ∼ 3185cm−1.
VI. CONCLUDING REMARKS
In this paper we have made a comprehensive study of
two-magnon Raman spectra in J1x − J1y − J2 − Jc anti-
ferromagnets using spin wave theory. Our treatment in-
cludes the contribution to m-m interactions at the 1/S or-
der. The m-m interactions are taken into account within
the ladder approximation, and the ladder diagrams are
summed up exactly.
We find that for isotropic Neel ordered system, B1g
8Table I. FBZ
Néel order Collinear order
Jc ≤ 0 |akx|+ |aky| ≤ pi |ckz| ≤ pi |2akx|, |bky|, |ckz| ≤ pi
Jc > 0
|akx|, |aky|, |ckz| ≤ pi |bky| ≤ pi
|akx|+ |aky|+ |ckz| ≤ 32pi |akx|+ | b2ky|+ |ckz| ≤ 32pi
and A′1g channels are well separated by symmetry. B1g
channel is strongly modified by m-m interaction while
A′1g channel is not. We predict that for large S system,
in B1g channel, sharp resonance peak emerges in frus-
trated systems when Jc ≥ 0 and the peak is suppressed
for ferromagnetic Jc. In A′1g channel, a platform can be
opened by Jc. For anisotropic system the B1g resonance
peak will tunnel into A′1g channel. For collinear ordered
system, we predict one peak structrure for non-frustrated
systems, and the peak splits due to frustration.
Our results suggest that the two-magnon Raman spec-
tra can be used to probe the exchange anisotropy, which
serves as complementary to inelastic neutron scattering.
With Raman, J values can be determined by character-
istic frequencies which correspond to van-Hove singular-
ities in one-magnon DoS, since these frequencies are not
shifted by m-m interactions at the 1/S order. Anisotropy
in Néel ordered frustrated system is manifested in tun-
neling of the B1g resonance peak into A′1g channel. J ’s
obtained by Raman is expected to be more accurate than
INS’s due to its higher resolution.
Appendix A: Parameters
The definition of FBZ are shown in Table I. Note that
our FBZ has spatial inversion symmetry, which is essen-
tial for simplifying the Oguchi’s term Ak.
The quantity Pk, Qk, Ak and B
(3)
1234 can be writ-
ten as sum of contributions from each bond: Pk =∑
b JbzbPb,k, Qk =
∑
b JbzbQb,k, Ak =
∑
b JbzbAb,k,
B
(3)
1234 =
∑
b JbzbB
(3)
b,1234, where b is the type of bonds,
which runs over the set {1x, 1y, 2, c}, and zb is the
coordination number of bond b. The definition of
Pb,k, Qb,k, and Ab,k are shown in Table II. B
(3)
b,1234 =
−{γb 2−4 + γb 1−3x1x2x3x4 + γb 1−4x1x2 + γb 2−3x3x4 −
1
2 [γb 2x4 + γb 1x1x2x4 + γb 2−3−4x3 + γb 1−3−4x1x2x3 +
γb 4x2 + γb 3x2x3x4 + γb 4−2−1x1 + γb 3−2−1x1x3x4]} for
AFM bond b and B(3)b,1234 =
1
2 (γb 1−3 + γb 1−4 + γb 2−3 +
γb 2−4 − γb 1 − γb 2 − γb 3 − γb 4)(x2x4 + sgnγGx1x3) for
FM bond b. Here use the notation γ1xk = cos kxa,
γ1yk = cos kya, γ2k = cos kxa cos kya, γck = cos kza.
It should be noticed that here we define a bond ferro-
magnetic, when the bond is connecting sites in the same
sublattice, or antiferromagnetic otherwise. (It does not
directly depend on the sign of exchange parameter of the
bond.)
Values of Mk are shown in table III.
The channels vn(k) in Néel and Collinear ordered phase
are defined in Table IV.
Matrix elements of Γˆ in Néel order is given by
Γˆ = 2N
 Xˆ UˆUˆT W Vˆ
Vˆ T Zˆ

where definition of submatrices are shown in Table V.
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Table V. Definition of submatrices in Γˆ
Néel Collinear
Xˆ −2
J1x1ˆ4×4 J1y1ˆ4×4
−4J21ˆ4×4
 −2
J1x1ˆ4×4 2J21ˆ8×8
−2J1y1ˆ2×2

Uˆ −2 ( J1x 0 J1x 0 J1y 0 J1y 0 4J2 0 0 0 )T −2 ( J1x 0 J1x 0 2J2 0 0 0 2J2 0 0 0 2J1y 0 )T
W −4J1x − 4J1y + 8J2 − 4|Jc| −4J1x + 4J1y − 8J2 − 4|Jc|
Vˆ
−4Jc
(
1 0 0 0 0 0
)
Jc ≤ 0
−2Jc
(
0 0 1 0 1 0
)
Jc > 0
Zˆ
4Jc
(
1ˆ2×2
0ˆ4×4
)
Jc ≤ 0
−2Jc
(
0ˆ2×2
1ˆ4×4
)
Jc > 0
